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Abstract
Let v, k, b, a be integers such that v > k ≥ b ≥ a ≥ 0. A Deza graph with param-
eters (v, k, b, a) is a k-regular graph on v vertices in which the number of common
neighbors of any two distinct vertices takes two values a or b (a ≤ b). A k-regular
graph on v vertices is a divisible design graph with parameters (v, k, λ1, λ2,m, n)
when its vertex set can be partitioned into m classes of size n, such that any
two distinct vertices from the same class have λ1 common neighbors, and any
two vertices from different classes have λ2 common neighbors. It is clear, that
divisible design graphs are Deza graphs.
First of all, we proved that divisible design Cayley graphs arise only by means
of divisible difference sets relative to some subgroup. Secondly, we constructed
a special set in affine group over finite field and proved that this set is a divisible
difference set and thus give us a divisible design graph.
Keywords: Deza graph; divisible design graph; divisible design; divisible
different set; Cayley graph; affine group over a finite field.
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1. Introduction
Let v, k, b, a be integers such that v > k ≥ b ≥ a ≥ 0. A Deza graph with
parameters (v, k, b, a) is a k-regular graph on v vertices in which the number of
common neighbors of any two distinct vertices takes two values a or b (a ≤ b).
Deza graphs appeared as a generalization of strongly regular graphs in [8]. This
is a wide class of graphs which includes not only strongly regular graphs but
also divisible design graphs [10, 7], regular (0, λ)-graphs [2, 3] and others.
A k-regular graph on v vertices is a divisible design graph with parameters
(v, k, λ1, λ2,m, n) when its vertex set can be partitioned into m classes of size n,
such that any two distinct vertices from the same class have λ1 common neigh-
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bors, and any two vertices from different classes have λ2 common neighbors. For
a divisible design graph the partition into classes is called a canonical partition.
Let G be a finite group with the identity element e. If S is a subset of
G which is closed under inversion and does not contain e, then Cayley graph
Cay(G,S) is a graph with the vertex set G and two vertices x, y are adjacent if
and only if xy−1 ∈ S.
In this paper, some divisible design graphs are constructed that arise from
finite groups in the form of Cayley graphs. The following theorem is the basis
for the construction.
Theorem 1. Let Cay(G,S) be a Deza graph with parameters (v, k, b, a).
Let also A, B and {e} be a partition of G and SS−1 be a multiset such that
SS−1 = aA+ bB + k{e}. If either A ∪ {e} or B ∪ {e} is a subgroup of G, then
Cay(G,S) is a divisible design graph and the right cosets of this subgroup give a
canonical partition of the graph. Conversely, if Cay(G,S) is a divisible design
graph, then the class of its canonical partition which contains the identity of G
is a subgroup of G and classes of the canonical partition of divisible design graph
coincide with the cosets of this subgroup.
Proof. Let N = A ∪ {e} be a subgroup of G and let G = Na1 ∪ · · · ∪Nar
be a partition of G by the right cosets of N . For every g, h ∈ N and 1 ≤ i ≤ r,
1 ≤ j ≤ r, the set of neighbors of hai is Shai and the set of neighbors of
gaj is Sgaj. Thus, the set of common neighbors for hai and gaj coincides
with Shai ∩ Sgaj . The number |Shai ∩ Sgaj| equals |{(s, s∗)|shai = s∗gaj}|,
where s, s∗ ∈ S. Therefore, h = s−1s∗gaja
−1
i . If i = j, then h = s
−1s∗g and
s−1s∗ ∈ N . So there are exactly a such pairs if s−1s∗ ∈ A and k such pairs if
s−1s∗ = e. If i 6= j, then gaja
−1
i /∈ N and hence s
−1s∗ /∈ N . So s−1s∗ ∈ B and
there are exactly b such pairs. The case of N = B ∪ {e} is viewed in a similar
way.
Conversely, let Cay(G,S) be a divisible design graph and N be a class of
the canonical partition of divisible design graph which contains the identity of
G. It’s enough to prove that for any h, g ∈ N we have hg−1 ∈ N . Since h
and g belong to the same class of the canonical partition of Cay(G,S), then
|Sh ∩ Sg| = λ1. The number of pairs (s, s∗) such that sh = s∗g is equal to λ1.
Thus, hg−1 = s−1s∗ is repeated λ1 times in SS
−1.
Theorem 1 shows that Cayley divisible design graphs arise only by means of
divisible difference sets relative to some subgroup.
Let G be a finite group of order mn and N be a subgroup of G of order n.
Then a subset S of G is called a divisible difference set with exceptional subgroup
N if there are constants λ1 and λ2 such that every non-identity element of N
can be expressed as a right quotient of elements in S in exactly λ1 ways and
every element in G \N can be expressed as a right quotient of elements in S in
exactly λ2 ways.
In other words, if k = |S|, then SS−1 is the following multiset:
λ1(N − {e}) + λ2(G−N) + k{e}.
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2. Construction of divisible design Cayley graphs
Let F be a finite field with qr elements, where q is a prime power and r > 1.
Consider the group G of all 2 × 2 matrices
(
1 0
α β
)
, where α ∈ F and
β ∈ F \ {0}. It’s clear that G is a semi-direct product of two subgroups N and
K, where N consists of all matrices
(
1 0
α 1
)
, and α ∈ F, K consists of all
matrices
(
1 0
0 β
)
, and β ∈ F \ {0}.
define a bijection ψ+ between N and F as follows: ψ+(a) = α for any a ∈ N ,
a =
(
1 0
α 1
)
, α ∈ F. If
a1 =
(
1 0
α1 1
)
and a2 =
(
1 0
α2 1
)
α1, α2 ∈ F,
then
a1a2 =
(
1 0
α1 1
)(
1 0
α2 1
)
=
(
1 0
α1 + α2 1
)
.
Thus, N is isomorphic to the additive group F+ which we can consider as a
linear space of dimension r over Fq.
Define a bijection ψ× between K and F \ {0} as follows: ψ×(b) = β for any
b ∈ K, b =
(
1 0
0 β
)
, β ∈ F \ {0}. Clearly, ψ× is an isomorphism between K
and the multiplicative group of F.
Let K be generated by matrix f∗ =
(
1 0
0 τ
)
, where τ is a primitive
element of F.
Also let H be a cyclic group generated by f = (f∗)q−1 =
(
1 0
0 θ
)
, where
θ = τq−1. Thus, G = NH is a subgroup of G of index q − 1 and the order of G
is equal to qr(qr − 1)/(q− 1). Furthermore, N is a normal subgroup of order qr
and index (qr − 1)/(q − 1) in G.
By the formula of Gaussian binomial coefficients, the number of (r − 1)-
dimensional subspaces of N equals t, where
t = (qr − 1)/(q − 1).
Let M be the set of preimages of all these (r − 1)-dimensional subspaces of
F+ in N under ψ+. Since ψ+ is an isomorphism, then the set M consists of t
subgroups of order qr−1 from N .
Denote by M one of the subgroups from M. Thus,
M = {Mi | ψ
+(Mi) = ψ
+(M)τ i, i = 1, 2, . . . , t}.
Let ϕ be a permutation on the set M = {M1,M2, . . . ,Mt}. As usual by
f i(N \Mϕ(i)) we denote the set {f
ia : a ∈ N \Mϕ(i)}.
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Define a subset S of G in the following way:
S =
t⋃
i=1
f i(N \Mϕ(i)).
It is obvious, that S is a generating set of G. In the following lemmas, we
examine the question of when this set is closed under inversion.
Lemma 1. Subset S is closed under inversion in G if and only if for all
integer i the following condition holds
ψ+(Mϕ(i))θ
i = ψ+(Mϕ(t−i)). (∗)
Proof. Let s ∈ S and s = f ia, for some integer i and a ∈ N \Mϕ(i). Also,
let a =
(
1 0
α 1
)
, for some α ∈ ψ+(N \Mϕ(i)) and f
i =
(
1 0
0 θi
)
.
In such case, a−1 =
(
1 0
−α 1
)
, for α ∈ ψ+(N \ Mϕ(i)) and f
−i =(
1 0
0 θt−i
)
.
Then
f ia =
(
1 0
0 θi
)(
1 0
α 1
)
=
(
1 0
αθi θi
)
,
(f ia)−1 =
(
1 0
−α 1
)(
1 0
0 θt−i
)
=
(
1 0
(−αθi)θt−i 1
)(
1 0
0 θt−i
)
.
Thus s−1 ∈ S if and only if −αθi ∈ ψ+(Mϕ(t−i)). Hence S = S
−1 if and
only if
ψ+(Mϕ(i))θ
i = ψ+(Mϕ(t−i)).
Let ϕ = (ϕ1, . . . , ϕt).
Lemma 2. For any t > 2 there is at least one permutation ϕ satisfying
ψ+(Mϕ(i))θ
i = ψ+(Mϕ(t−i))
for all integer i.
Proof. Let ϕ = (ϕ1, . . . , ϕt). If t is an odd integer, then
ϕ = (1, t− 1, t− 3, . . . , 2, t, t− 2, t− 4, . . . , 3).
If t is an even integer, then
ϕ = (1, t− 1, t− 3, . . . , t/2 + 2, t/2− 1, t/2− 3, . . . , 2, t/2, t− 2, t− 4, . . . ,
4
. . . , t/2 + 1, t, t/2− 2, t/2− 4, . . . , 3).
For example, if t = 7, then there are exactly three permutations which satisfy
the condition (∗) in Lemma 1. These are (1, 6, 4, 2, 7, 5, 3), (1, 6, 3, 7, 2, 4, 5) and
(1, 6, 2, 3, 5, 7, 4).
Construction 1. Let Γ be a Cayley graph Cay(G,S) whose vertices are
elements of the group G defined as above and
S =
t⋃
i=1
f i(N \Mϕ(i))
.
In the next section we prove that if S satisfies the condition (∗), then Γ is
a divisible design graph. Construction 1 gives us an infinite series of divisible
design graphs which are Cayley graphs. Only the first graph among them is
known and given in [10, Construction 4.20]. This divisible design Cayley graph
with parameters (12, 6, 2, 3, 3, 4) is the line graph of the octahedron and can be
obtained as a Cayley graph from the alternating group of degree 4 (See Example
1 in Section 4).
3. Main theorem
The main goal of our article is to prove the following theorem.
Theorem 2. Let Γ be a Cayley graph from Construction 1. If S sat-
isfies the condition (∗), then Γ is a divisible design graph with parameters
(v, k, λ1, λ2,m, n), where
v = qr(qr − 1)/(q − 1), k = qr−1(qr − 1),
λ1 = q
r−1(qr − qr−1 − 1), λ2 = q
r−2(q − 1)(qr − 1),
m = (qr − 1)/(q − 1), n = qr.
Proof. It is clear, that Γ is an undirected graph on v = qr(qr − 1)/(q − 1)
vertices of valency
k = |S| =
∣∣∣
t−1⋃
i=0
f i(N \Mϕ(i))
∣∣∣ =
t−1∑
i=0
(qr − qr−1) =
= (qr − qr−1)(qr − 1)/(q − 1) = qr−1(qr − 1).
Calculate a number of common adjacent vertices for any two distinct vertices
from any coset. Since Γ is a Cayley graph, then it is enough to calculate this
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number for the identity element of G and any non-identity element from N . Let
e be the identity element of G, a 6= e and a ∈ N . It is important to note that a
belongs to exactly t1 = (q
r−1 − 1)/(q − 1) subgroups of N from M.
Since Γ(e) ∩ Γ(a) = S ∩ Sa, then
Γ(e) ∩ Γ(a) =
(t−1⋃
i=0
f i(N \Mϕ(i))
)
∩
(t−1⋃
i=0
f i(N \Mϕ(i))a
)
=
=
( ⋃
a∈Mϕ(i)
f i(N \Mϕ(i))
)
∪
( ⋃
a/∈Mϕ(i)
f i(N \Mϕ(i)) ∩ f
i(N \Mϕ(i))a
)
.
Hence
|Γ(e) ∩ Γ(a)| =
t1−1∑
i=0
(qr − qr−1) +
t−1∑
i=t1
(qr − (q − 2)qr−1) = qr−1(qr − qr−1 − 1).
Calculate a number of common adjacent vertices for any two vertices from
any two distinct cosets. Since Γ is a Cayley graph, then it is enough to
calculate this number for the identity element e from G and any element g
from Nf i, where i 6= 0 (mod t). Let g = fxag, x 6= 0 (mod t). We have
fxag = [f
−x, a−1g ]agf
x, where [f−x, a−1g ] is the commutator of elements f
−x
and a−1g . It is easy to verify, that if bg = [f
−x, a−1g ]ag, then bg ∈ N .
Since Γ(e) ∩ Γ(g) = S ∩ Sg, then
Γ(e) ∩ Γ(g) =
(t−1⋃
i=0
f i(N \Mϕ(i))
)
∩
(t−1⋃
i=0
f i(N \Mϕ(i))g
)
.
Taking into account that N is a normal subgroup of G and bg ∈ N we have
f i(N \Mϕ(i)) ∩ f
j(N \Mϕ(j))bgf
x 6= ∅ if and only if i− x = j.
Thus, we have
t−1⋃
i=0
(
f i(N \Mϕ(i)) ∩ f
i−x(N \Mϕ(i−x))f
x
)
=
t−1⋃
i=0
f i−x
(
fx(N \Mϕ(i)) ∩ (N \Mϕ(i−x))f
x
)
.
If h ∈ fx(N \Mϕ(i)) ∩ (N \Mϕ(i−x))f
x, then there are some
α1 ∈ ψ
+(N \Mϕ(i)), α2 ∈ ψ
+(N \Mϕ(i−x))
such that
h =
(
1 0
0 θx
)(
1 0
α1 1
)
=
(
1 0
α2 1
)(
1 0
0 θx
)
.
Therefore, θxα1 = α2.
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Since bijection ψ+ is an isomorphism between N and F+, then
|fx(N \Mϕ(i))∩ (N \Mϕ(i−x))f
x| = |ψ+(N \Mϕ(i))∩θ
−xψ+((N \Mϕ(i−x)))| =
= |ψ+(N) \ ψ+(Mϕ(i)) ∪ θ
−xψ+(Mϕ(i−x))| = (q
r − 2qr−1 + qr−2).
Thus, |Γ(e) ∩ Γ(g)| =
=
t−1∑
i=0
(qr − 2qr−1 + qr−2) = (qr − 2qr−1 + qr−2)(qr − 1)/(q − 1) =
= qr−2(q − 1)(qr − 1).
Hence, Γ is a divisible design graph.
4. Examples
All examples in this section except Example 1 were found using computer
search.
Example 1. Divisible design graph with parameters (12, 6, 2, 3, 3, 4).
There is the only example of divisible design Cayley graph with parameters
(12, 6, 2, 3, 3, 4) basing on the alternating group Alt4. We can chose the set S =
{(13)(24), (12)(34), (123), (132), (234), (243)} as its generating set. A fragment
of the Cayley table of Alt4 below shows us the necessary properties.
(13)(24) (12)(34) (123) (132) (234) (243)
(13)(24) e (14)(23) (243) (124) (143) (123)
(12)(34) (14)(23) e (134) (234) (132) (142)
(123) (142) (243) (132) e (13)(24) (143)
(132) (234) (143) e (123) (142) (12)(34)
(234) (132) (124) (12)(34) (134) (243) e
(243) (134) (123) (124) (13)(24) e (234)
Example 2. Divisible design graphs with parameters (36, 24, 15, 16, 4, 9).
It was found in [9] that there are three non-isomorphic divisible design graphs
with parameters (36, 24, 15, 16, 4, 9). From our Construction 1 with permuta-
tions (1, 3, 4, 2) and (1, 3, 2, 4) we have two of that non-isomorphic divisible de-
sign graphs, which are based on subgroup of index 2 of AG(9). It is important
to note that, if t is even, then t/2 and t can be in any place in varphi according
to the condition (∗).
Example 3. Divisible design graphs with parameters (56, 28, 12, 14, 7, 8).
It was found in [9] that there are five non-isomorphic examples of divisible
design graphs with parameters (56, 28, 12, 14, 7, 8) which are based on group
AG(8). This group can be described as follows
G = 〈 f1, f2, f3, f4 〉
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with defining group relationships
f71 = f
2
2 = f
2
3 = f
2
4 = e,
f2 ∗ f1 = f1 ∗ f3, f3 ∗ f1 = f1 ∗ f4, f4 ∗ f1 = f1 ∗ f2 ∗ f4.
Below, we give the list of generating sets for these Cayley graphs.
S1 = {f3, f2 ∗ f3, f3 ∗ f4, f2 ∗ f3 ∗ f4, f1 ∗ f4, f1 ∗ f2 ∗ f4, f1 ∗ f2 ∗ f3 ∗ f4, f1 ∗ f3 ∗
f4, f
2
1 ∗ f2, f
2
1 ∗ f3, f
2
1 ∗ f4, f
2
1 ∗ f2 ∗ f3 ∗ f4, f
3
1 ∗ f2, f
3
1 ∗ f3, f
3
1 ∗ f2 ∗ f4, f
3
1 ∗ f3 ∗
f4, f
4
1 ∗ f2, f
4
1 ∗ f2 ∗ f3, f
4
1 ∗ f2 ∗ f4, f
4
1 ∗ f2 ∗ f3 ∗ f4, f
5
1 ∗ f2, f
5
1 ∗ f4, f
5
1 ∗ f2 ∗ f3, f
5
1 ∗
f3 ∗ f4, f61 ∗ f3, f
6
1 ∗ f4, f
6
1 ∗ f2 ∗ f3, f
6
1 ∗ f2 ∗ f4};
S2 = {f2, f4, f2 ∗ f3, f3 ∗ f4, f1, f1 ∗ f3, f1 ∗ f4, f1 ∗ f3 ∗ f4, f
2
1 ∗ f3, f
2
1 ∗ f4, f
2
1 ∗ f2 ∗
f3, f
2
1 ∗ f2 ∗ f4, f
3
1 , f
3
1 ∗ f2 ∗ f4, f
3
1 ∗ f3 ∗ f4, f
3
1 ∗ f2 ∗ f3, f
4
1 , f
4
1 ∗ f2, f
4
1 ∗ f4, f
4
1 ∗ f2 ∗
f4, f
5
1 ∗ f2, f
5
1 ∗ f3, f
5
1 ∗ f2 ∗ f4, f
5
1 ∗ f3 ∗ f4, f
6
1 , f
6
1 ∗ f2, f
6
1 ∗ f3, f
6
1 ∗ f2 ∗ f3};
S3 = {f1, f3, f4, f21 , f1 ∗ f3, f2 ∗ f4, f3 ∗ f4, f
2
1 ∗ f2, f
2
1 ∗ f3, f
2
1 ∗ f4, f1 ∗ f2 ∗ f4, f1 ∗
f3 ∗ f4, f31 ∗ f3, f
5
1 , f
4
1 ∗ f2, f
4
1 ∗ f4, f
3
1 ∗ f2 ∗ f3, f
3
1 ∗ f2 ∗ f4, f
3
1 ∗ f3 ∗ f4, f
6
1 , f
5
1 ∗
f2, f
4
1 ∗ f2 ∗ f3, f
4
1 ∗ f2 ∗ f4, f
6
1 ∗ f2, f
6
1 ∗ f4, f
5
1 ∗ f2 ∗ f3, f
5
1 ∗ f3 ∗ f4, f
6
1 ∗ f2 ∗ f3};
S4 = {f1, f2, f3, f1∗f3, f1∗f4, f2∗f4, f3∗f4, f21 ∗f2, f
2
1 ∗f3, f
2
1 ∗f4, f1∗f3∗f4, f
3
1 ∗
f3, f
4
1 ∗f3, f
4
1 ∗f4, f
3
1 ∗f2∗f3, f
3
1 ∗f3∗f4, f
2
1 ∗f2∗f3∗f4, f
6
1 , f
5
1 ∗f2, f
5
1 ∗f4, f
4
1 ∗f2∗
f3, f
4
1 ∗f2 ∗f4, f
3
1 ∗f2 ∗f3 ∗f4, f
6
1 ∗f2, f
6
1 ∗f3, f
5
1 ∗f2 ∗f3, f
5
1 ∗f3 ∗f4, f
6
1 ∗f2 ∗f3};
S5 = {f1, f2, f3, f4, f
2
1 , f1 ∗ f3, f1 ∗ f4, f
2
1 ∗ f4, f1 ∗ f3 ∗ f4, f2 ∗ f3 ∗ f4, f
3
1 ∗ f3, f
3
1 ∗
f4, f
2
1 ∗ f2 ∗ f3, f
5
1 , f
4
1 ∗ f2, f
4
1 ∗ f4, f
3
1 ∗ f2 ∗ f3, f
3
1 ∗ f2 ∗ f4, f
2
1 ∗ f2 ∗ f3 ∗ f4, f
6
1 , f
5
1 ∗
f2, f
5
1 ∗ f4, f
4
1 ∗ f2 ∗ f3, f
4
1 ∗ f3 ∗ f4, f
6
1 ∗ f2, f
6
1 ∗ f3, f
5
1 ∗ f2 ∗ f4, f
6
1 ∗ f2 ∗ f3}.
Three of them are isomorphic to the graphs we have from our Construction
1 with permutations which pointed out after Lemma 2.
Example 4. Divisible design graph with parameters (80, 60, 44, 45, 5, 16).
There is at least one divisible design Cayley graph which is based on subgroup
of index 3 of AG(42) that we have from our Construction 1 with permutations
(1, 4, 2, 5, 3). This is the first example where q is not prime.
5. Conclusion remarks
Any divisible design graph can be considered as a symmetric group-divisible
design, the vertices of which are points, and the neighborhoods of the vertices
are blocks. Such a design is called the neighborhood design of a graph. However,
non-isomorphic graphs can correspond to isomorphic designs. Examples 2 and
3 of this article give us non-isomorphic divisible design graphs which produce
isomorphic group divisible designs. If group-divisible design admit a symmetric
incidence matrix with zero diagonal, then it corresponds to divisible design
graph (see Section 4.3. in [10]).
There is a great possibility to construct divisible designs from groups. Let G
be a group of order mn containing a subgroup N of order n. A k-subset D of G
is called a divisible (m,n, k, λ1, λ2) difference set (divisible by cosets of subgroup
8
N ) if the list of elements xy−1 with x, y ∈ D contains all non-identity elements
in N exactly λ1 times and all elements in G \N exactly λ2 times. In case that
N = {0}, the definition of a divisible difference set coincides with the definition
of a difference set in the usual sense. In case that λ1 = 0, the definition of a
divisible difference set coincides with the definition of a relative difference set
[6, 11, 12].
Divisible difference set D gives rise to a symmetric group-divisible design D
with the set of blocks {Dg| g ∈ G} and has the same parameters as D. This
symmetric group-divisible design is called the development of D and admits G as
a regular automorphism group (by right translation). Thus, symmetric group-
divisible designs with a regular group G are equivalent to divisible difference
sets in G. For having a symmetric incidence matrix with zero diagonal, the
divisible difference set should be reversible (or equivalently, it must have a strong
multiplier −1). There is more information on such difference sets in [1].
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